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Caution: these notes were written for the sole use of your teacher.
There are not a full-featured lecture report and may contain errors.

1 Optical lattices
Optical lattices are periodic potentials for ultracold atoms created by the interference pattern of several far-off-resonance laser beams. The origin of the
potential is the AC Stark shift (also called dipolar potential or light shift) of the
electronic levels induced by the interaction of the atomic electric dipole with the
local laser field. In this first section we remind you of a few important properties
of the dipolar potential. A more complete introduction can be found in a review
article by Grimm, Weidemüller, and Ovchinnikov (2000).

1.1 Two-level atom
We denote by d0 the reduced dipole of the electronic transition, and by ω0 its
angular frequency. The dipolar potential induced by a far-off-resonant laser field
with an angular frequency ω and a local amplitude E(r) is given by the relation:
V (r) =

d20 E(r)2
,
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This relation is obtained within a perturbative approach, and valid to lowest
¯ The off-resonance condition is to be considered with respect
order in d0 E/~∆.
to the natural transition linewidth Γ: the detuning ∆ = ω − ω0 between the
laser and the electronic transition must satisfy the inequality ∆  Γ.
We note two important properties:
• the dipolar potential is proportional to the square of the electric field
amplitude, that is to the light intensity;
• the sign of the dipolar potential depends on the detuning ∆. The potential
can either be negative and minimum where the light intensity is maximum,
or positive and maximum where the light intensity is maximum.
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1.2 Multi-level atom
For a real atom, the light field usually interacts with more than one electronic
transition. Within the perturbative approach, the total dipolar potential is
simply the sum of the dipolar potentials associated with each transition:
V (r) =

X d2 E(r)2
i
.
¯i
4~∆
i

1.3 Rotating wave approximation
As long as the detuning ∆ remains very small compared to ω0 , one can neglect
the term proportional to 1/(ω + ω0 ) and keep only the term proportional to
1/(ω −ω0 ). This approximation is called rotating wave approximation. Note
that there are many orders of magnitudes between the transition linewidth and
the transition frequency, which leave plenty of room for a light field to be far
off-resonant, while still justifying the rotating wave approximation.

1.4 Optical lattices
The simplest instance of an optical lattice is obtained by interfering two counterpropagating laser fields of same frequency. Writing both laser fields
E0 cos(kx − ωt) and E0 cos(−kx − ωt) ,
the total field amplitude at a position r and time t is given by
E(r, t) = E(x) cos(ωt) with 2E0 sin(kx) .
The dipolar potential therefore reads:
V (r) = V (x) = V0 sin2 (kx) ,

with V0 =

d20 E02
.
¯
4~∆

2 Single-particle eigenstates in a periodic potential
In this section we restrict the discussion to a one-dimensional geometry, and
assume that particles are able to move only along the x-axis.

2.1 Bloch theorem
Let us consider for a moment a generic periodic potential V (x) of period a.
This can be a sinusoidal potential, or a more complex potential. The Bloch
theorem states that the energy eigenstates of the single-particle Hamiltonian:
Ĥ =

p̂2
+ V (x) ,
2m
2

are parameterized by two quantum numbers, denoted n and q, and can be
put in the form:
ϕn,q (x) = eiqx un,q (x) ,
(1)
where the functions uq (x) are themselves periodic with period a. These eigenstates are called Bloch states or Bloch waves. The functions un,q (x) are
called Bloch functions.
The quantum number q is called the quasimometum. It is a real number
defined modulo 2k. One usually restricts the values of q to the so-called first
Brillouin zone [−k; k[ (or ] − k; k]). The quantum number n is a positive
integer.
Although the quasimometum of a particle in a periodic potential bares resemblance with the momentum of a free particle, the two quantities should not be
mixed up. A Bloch state does not have a well defined momentum. Instead,
owing to the periodicity in space of the Bloch function uq (x), it has overlap with
all plane waves with a wave-vector q + 2jk:
X
(2)
ϕn,q (x) = eiqx
cn,j (q) e2ijkx , cj (q) ∈ C .
j∈Z

2.2 Energy bands
The eigenenergies of the periodic Hamiltonian are smooth functions of q and
verify the following inequality:
εn−1 (q) < εn (q) , ∀ (n, q) .
This means that the spectrum consists of bands separated by gaps of forbidden
energies. Each band forms a continuum parametrized by the quasimometum q.
The quantum number n is called the band index.
When the depth of the periodic potential increases, the gaps between the energy
bands become wider and the bands become more flat. In the so-called tightbinding limit, which we will introduce later one, and for simple sinusoidal
potentials as given in ??, the energy bands verify:
En (q) ' 2Jn cos(aq) ,
where Jn is a real number having the properties Jn = (−1)n+1 |Jn | and |Jn+1 | >
|Jn |.

2.3 Tight-binding limit
The single-particle eigenstates in a periodic potential are delocalised in space and
characterised by the quasimometum, a quantity which bares some resemblance
with the momentum of free particles. The amplitude of the wavefunctions,
however, is modulated by the underlying potential and low-energy states have
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more weight arounf the potential minima than around the potential maxima. In
deep lattices, this modulation gets so strong that it may become advantageous
to describe the particle’s state using a basis of localised wavefunctions. In this
section we explain how to construct such functions, called Wannier functions,
present their main properties, and derive the Hamiltonian matrix elements in
this basis. We will see that, in the limit of deep lattices, particles must tunnel
through the energy barrier to move from one lattice site to another.
2.3.1 Wannier functions
A wavefunction localised around a minimum x = ja, j ∈ Z of the potential V (x)
can be constructed by summing all Bloch waves multiplied by a phase factor
ensuring that the waves coherently add up at the point x = ja:
wn,j (x) =

 a 1/2 Z +k
dq e−ijaq ϕn,q (x) .
2π
−k

(3)

This procedure should be performed within a given energy band. It results in
a set of functions called Wannier functions: {wn,j (x)}, n ∈ N, j ∈ Z. From the
above definition we can immediately deduce that:
• the Wannier states form an orthonormal basis of the Hilbert space;
• the Wannier states are not eigenstates of the Hamiltonian;
• the Wannier functions belonging to a given energy band but centred on
different minima of the potential are all identical: wn,j (x) = wn,0 (x − ja).
The decomposition of Wannier states in the basis of Bloch states can be inverted
to obtain the decomposition of Bloch states in the basis of Wannier states:
ϕn,q (x) =

 a 1/2 X
eijaq wn,j (x) ,
2π

(4)

j∈Z

where we have made use of the equality

P

j∈Z

eijaq = (2π/a) δ(q).

The exact form of Wannier functions depends on the arbitrary choice of absolute
phase made when defining the Bloch states. One can show, however, that there
exists a unique phase choice for which the Wannier functions have the following
useful properties:
• the Wannier functions are real;
• they are either even or odd with respect to x = 0 or x = a/2;
• they tend to zero exponentially away from their centre.
For the lattice potential V (x) = V0 sin2 (kx), this definition of the Bloch states
corresponds to choosing ϕn,q (0) a real positive number when n is even, and
(dϕn,q /dx)(0) a real positive number when n is odd.
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2.4 Tunnelling amplitudes
The Wannier states are no energy eigenstates. The matrix elements of the
Hamiltonian in the Wannier state basis are formally defined by the relation
 2 2

Z +∞
−~ d
Jn,n0 (j, j 0 ) ≡ hwn0 ,j 0 |Ĥ|wn,j i =
dx wn∗ 0,j 0 (x)
+
V
(x)
wn,j (x) .
2m dx2
−∞
A more useful expression can be obtained using the decomposition of Wannier
states in the Bloch state basis:
Z +k Z +k
0
0
a
dq eij aq e−ijaq hϕn0,q0 |Ĥ|ϕn,q i
dq 0
Jn,n0 (j, j 0 ) =
2π −k
−k
Z +k Z +k
0
0
a
=
dq 0
dq eij aq e−ijaq En (q) hϕn0,q0 |ϕn,q i .
2π −k
−k
Since the Bloch state basis is orthonormal, we can replace hϕn0 ,q0 |ϕn,q i by the
product of the Kronecker symbol δn,n0 and the delta function δ(q − q 0 ). This
gives:
Z +k Z k
0
0
a
0
Jn,n0 (j, j ) =
dq 0
dq eij aq e−ijaq En (q) δn,n0 δ(q − q 0 )
2π −k
−k
Z +k
0
a
dq e−i(j−j )aq En (q) δn,n0 .
=
2π −k
The Hamiltonian thus couples only Wannier states from the same energy band.
Also, the coupling between Wannier states appears to be a function of j − j 0
only. Physically, the coupling between Wannier states means that a particle
initially localised around a lattice site j will be able to move to neighbouring
lattice sites by tunnelling through the potential barrier that separates the sites.
For this reason, the Hamiltonian matrix elements in the Wannier state basis are
often called tunnelling amplitudes, or tunnel coupling.
In deep lattices, the tunnelling amplitudes decay exponentially with |j − j 0 | and
one can neglect the tunnel couplings when |j − j 0 | > 0. This is the so-called
tight-binding limit. Within this limit, only neighbouring lattice sites are
coupled via the tunnelling amplitude
Z +k
a
Jn =
dq En (q) .
2π −k
Also, the dynamics is usually restricted to a single band because the gap between
energy bands is large.

3 Interacting bosons in a lattice
Until now, we have discussed the physics of a single particle in a periodic lattice.
We now consider a far more complex system, namely a system of interacting,
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identical particles. This problem is relevant in condensed-matter physics, as
many properties of crystalline solids can be understood by considering the motion
of electrons in the periodic ionic potential. Experiments with ultracold atoms
in optical lattices are very good examples of quantum simulation as they offer
a complementary perspective on this problem. See for instance Jaksch and
Zoller (2005). The lattice geometry can be tuned almost at will by changing the
configuration of interfering laser beams: wavelength, number of beams, angle
and relative phase between them, etc. One can study both fermionic and bosonic
particles, depending on the atomic species and isotope. The interactions between
atoms can be modified using Feshbach resonances. And much more. . .
In the following we will restrict the discussion to the case of indistinguishable
bosonic particles in the tight-binding limit. The interaction between particles will be modelled as a 2-body contact interaction. We will furthermore
suppose that the particles are confined in the lowest energy band. This model
of particles in a periodic potential is called the bosonic Hubbard model.

3.1 The bosonic Hubbard Hamiltonian
The best suited formalism to describe a system of indistinguishable particles is
in terms of Fock states.
Q As a single-particle basis, we use the set of Wannier
states. A Fock state | j nj i thus represents a state where eachPlattice site j is
occupied by nj particles and the total particle number is N = j nj .
The Hamiltonian expressed in the Fock basis of Wannier states reads:

X †
U
Ĥ =
J âj âj+1 + J â†j+1 âj + n̂j (n̂j − 1) .
2
j

(5)

The operators âj and â†j are the annihilation and creation operators for our
bosonic particles. The operator n̂j = â†j âj counts the number of particles in the
site j.
The terms J â†j âj+1 and J â†j+1 âj correspond to the kinetic energy. They physically describe the tunnel coupling between the sites j and j +1, with an amplitude
J = Jn=0 < 0. The term U n̂j (n̂j − 1)/2 describes the interaction between the
particles: if nj particles occupy a site j, there are nj (nj − 1)/2 pairs of interacting particles, each with an interaction energy U . The interaction energy is
proportional to the interaction strength g = 4π~2 asc /m, where asc is the s-wave
scattering length introduced in a previous lecture.
Whether we are interested in treating a problem with a fixed number of particles
or in the grand-canonical ensemble, one will in both cases consider the free
energy, rather than the Hamiltonian:

X †
U
J âj âj+1 + J â†j+1 âj + n̂j (n̂j − 1) − µn̂j ,
Ĥ − µN̂ =
2
j
6

where µ is the chemical potential and N̂ =
total number of particles.

P

j

n̂j is the operator counting the

One can also account for the presence of an external trapping potential Vtrap (x)
in addition to the lattice potential:

X †
U
Ĥ =
J âj âj+1 + J â†j+1 âj + n̂j (n̂j − 1) + Vtrap (ja)n̂j .
2
j

3.2 Hamiltonian in the Bloch state basis
It can be instructive to look at the Hubbard Hamiltonian also in the Bloch state
basis. Introducing the annihilation and creation operators in a Bloch state with
quasimomentum q, written â(q) and â† (q), on shows that
Z +k
Z Z +k
~2 q 2
g
dq
n̂(q) +
dq 0 dq â† (q 0 )â† (q)â† (q)â† (q 0 ) .
(6)
Ĥ =
2m
2
−k
−k
Note that, in the presence of an external trapping potential, the Bloch states
are no longer eigenstates of the single-particle Hamiltonian because the discrete
translation invariance of the Hamiltonian is broken.

3.3 Experimental control over the parameters of the model
In the context of optical lattices, the parameter J can be tuned by varying
the lattice depth V0 , which is simply achieved by varying the intensity of the
interfering laser beams. Changing the lattice depth indeed modifies the spread
of the Wannier functions, and thus the value of the overlap integrals defining the
tunnelling amplitudes (see ?? ). The interaction parameter U , which depends
on the s-wave scattering length, can be modulated by means of a Feshbach
resonance.

4 The transition from a superfluid to a Mott insulator
In this section we focus on the nature of the ground-state in the bosonic
Hubbard model. We will see how it radically changes depending on the strength
of the interactions, revealing the existence of a quantum phase transition.

4.1 Competition between the kinetic and interaction energies
The kinetic and interaction energy terms are non-commuting. The first is
diagonal in the Bloch state basis, while the second is diagonal in the Wannier
state basis. The nature of the many-body ground state therefore depends on the
relative magnitude of J and U .
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When J  U , the ground state will tend to minimize the kinetic energy rather
than the interaction energy. This is achieved by putting most particles in the
Bloch state with quasimomentum q = 0, up to small corrections in U/J. Such
state can be described as a Bose–Einstein condensate and displays a superfluid
character.
When J  U , we have the opposite situation. The ground state will tend to
minimize the interaction energy by localizing each particle in a lattice site in
such a way that the density fluctuations are small. If the number of particles in
the system is equal to an integer number times the number of lattice site, the
interaction energy will reach an absolute minimum when the number of particles
per site (called the lattice filling) is fixed to that integer number. When this
is the case, the ground state displays an insulating character because setting a
particle in motion costs at least a finite energy U .
The intermediate regime where J ∼ U turns out to be very difficult to work out
analytically. In the next section we will attempt to cover the whole parameter
range using a mean-field approximation, which will reveal the existence of a
phase transition.

4.2 Mott insulator vs band insulator
The only way a system of bosonic particles in a periodic potential can be
an insulator is when interactions between the particles are strong, as we just
discussed. Such insulator is called a Mott insulator. For fermions, there can
exist another type of insulator, called band insulator. It is obtained trivially
at integer filling, when all single-particle states from the lowest energy bands
are occupied by exactly one fermion. In such situation, setting a particle into
motion costs at least an energy equal to the gap between the highest occupied
energy band and the one just above. There is no need for interactions between
the fermionic particles to realize a band insulator. It is only a consequence of
the band structure and the Pauli exclusion principle. Most condensed matter
materials with an insulating character are actually band insulators, and not
Mott insulators.

4.3 Mean-field approximation
In this context, the mean-field approximation rests on the hypothesis that a
significant fraction of the particles form a Bose–Einstein condensate in the Bloch
state with q = 0. We thus focus a priori on the regime where J  U . Denoting
|0i the many-body ground state, this hypothesis can be formerly expressed by
writting:
hâj i = Ψ0 ; hâ†j i = Ψ∗0 ,
where Ψ0 is the condensate wavefunction and the condensed fraction is |Ψ0 |2 = n0 .
Here we will further assume that the condensate wavefunction is a real number:
Ψ0 = Ψ∗0 .
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Then we neglect all two-body correlations in the bosonic Hubbard Hamiltonian
by making the replacement:
â†j âj 0 ' hâ†j iâj 0 + â†j hâj 0 i − hâ†j ihâj 0 i = Ψ0 (âj + â†j 0 ) − Ψ20 .
We are thus left with the mean-field Hamiltonian:

i U
X h
Ĥ mf =
2J Ψ0 (âj + â†j ) − Ψ20 + n̂j (n̂j − 1) .
2
j
Within the mean-field approximation, we see that the Hamiltonian is the sum of
un-coupled local Hamiltonians:
Ĥ mf =

X
j

Ĥj

h
i U
with Ĥj = 2J Ψ0 (âj + â†j ) − Ψ20 + n̂j (n̂j − 1) .
2

The ground state of the mean-field Hamiltonian can therefore be written as the
product of local ground states:
Y
|0i =
|0ij ,
j

where |0ij minimizes the local free energy Ĥj − µn̂j .
In order to determine the local ground states, we expand them in the Fock basis:
X
|0ij =
cn |nij .
n

Here, |nij is the Fock state with n particles in the Wannier state centered on
the site j and the coefficients cn are complex numbers which do not depend on
j since all lattice sites are equivalent. We then write that the local ground state
is an eigenstate of the free energy:
(Ĥj − µn̂j )|0ij = Ej |0ij ,
and project both members of the equation onto a Fock state |nij to obtain the
equation:


√

√
U
n + 1 cn+1 + n cn−1 +
Ej cn = 2JΨ0
n(n − 1) − µ − Ψ20 cn .
2
We end up with a set of coupled equations for the coefficients cn , whose solution
depends on Ej and Ψ0 . Minimizing Ej with respect to Ψ0 finally yields the
mean-field ground state as a function of µ, U and J.
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4.4 Mean-field phase diagram

5 Experimental signatures of the superfluid-toinsulator transition
Transport properties are easily accessed in condensed matter experiments (think
of an electrical resistance measurement), but not so easily in ultracold atom
experiments. The quantity that is most often measured with ultracold atoms
is the momentum distribution. The spatial distribution of atoms inside the
confinement potential can also be measured, provided the experimental setup is
equipped with a high-resolution imaging system. We will see now how these two
quantities are affected by the superfluid-to-Mott insulator transition.

5.1 Momentum distribution
The momentum distribution in a many-particle state |Φi is formally defined by
the relation
ρ(p) = hΦ|â† (p)â(p)|Φi .
Here, the annihilation and creation operators act on the plane-wave basis and
the momentum p should not be confused with the quasimomentum q. In order
to calculate this expectation value, we can express the annihilation and creation
operators in the basis of Wannier states. Introducing the field operator P̂ si(x),
we can procedd as follows for the annihilation operator:
Z +∞
â(p) =
dx e−ipx/~ Ψ̂(x)
−∞

=
=

X Z

+∞

dx e

−ipx/~

j

−∞

X

w̃j (p) âj


wj (x) âj

j

= w̃0 (p)

X

e−ija âj .

j

For the last step of the derivation we have introduced the Fourier transform of
the Wannier wavefunction wj (x), denoted by w̃j (p), and we have made use of
the property wj (x) = w0 (x − ja). For the creation operator we obtain similarly:
X
â† (p) = w̃0∗ (p)
eija â†j .
j

We can now rewrite the momentum distribution in the form
X
0
ρ(p) = |w̃0 (p)|2
e−ip(j−j )a/~ hΦ|â†j 0 âj |Φi .
j,j 0
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The expectation values in the right-hand side have a very clear meaning: they
correspond to the first-order correlation function, g (1) (j, j 0 ), which measures
the phase coherence of the state Φ between the lattice sites j and j 0 . It is
thus a signature of the presence of a Bose–Einstein condensate.
The first experimental evidence of the superfluid-to-Mott insulator transition in
ultracold atomic gases was actually obtained by measuring the atomic momentum
distribution after releasing the atoms from the optical lattice potential, see
Greiner et al. (2002).

5.2 Density fluctuations
Next to the momentum distribution, density fluctuations can be used to probe
the transition from a superfluid to a Mott insulator. Density fluctuations are
characterised by the second-order correlation function:
g (2) (j, j 0 = j) ≡ hΦ|â†j â†j âj âj |Φi
= hΦ|n̂j (n̂j − 1)|Φi .
The second-order correlation function is directly proportional to the interaction
energy in the Hubbard Hamiltonian. It is minimized in the insulating phase
and takes large values in the superfluid state. The variation of local density
fluctuations across the superfluid-to-Mott insulator could be observed for the
first time in 2011 by the team at Max Planck Institute for Quantum Optics
using the in-situ fluorescence imaging technique Endres et al. (2011).
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